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Abstract. We study the eta invariants of compact flat spin manifolds of 
dimension n with holonomy group Z p , where p is an odd prime. We find 
explicit expressions for the twisted and relative eta invariants and show that 
the reduced eta invariant is always an integer, except in a single case, when 
p — n — 3. We use the expressions obtained to show that any such manifold 
is trivial in the appropriate reduced equivariant spin bordism group. 



1. Introduction 

If M is a Riemannian manifold having finite holonomy group F, we shall 
say that M is an F '-manifold. As it is well known, any such manifold is flat, 
by the Ambrose-Singer theorem [1]. Let p be an odd prime. Throughout this 
paper, M will be a compact flat Riemannian re-manifold with cyclic holonomy 
group of order p, F ~ Z p , that is, in the above terminology, a flat Z p -manifold. 
Such a manifold is of the form Mr = T\IR n , with T a Bieberbach group such 
that A\r ~ Z p , where A denotes the translation lattice of T. Flat Z p -manifolds 
have been fully classified by Charlap [17], who used Reiner's classification [33] 
of integral representations of the group Z p . A convenient description of these 
manifolds will be given in §2.2 and §2.3. 

It turns out that any Zp-manifold M = is spin, that is, it admits spin 
structures defined on its tangent bundle. Actually, we show that such M admits 
exactly 2& 1 spin structures, where f3\ = @\(M) is the first Betti number of M. 
In particular, we shall see that there is a unique spin structure such that the 
corresponding homomorphism e : T — > Spin(re) is trivial on the translation 
lattice A of T, called the spin structure of trivial type, or trivial spin structure, 
for short. 

One of the main goals of this paper is to obtain a rather explicit expression 
for the reduced eta invariant of an arbitrary spin Zp-manifold M, associated 
to the spinorial Dirac operator twisted by characters. We will make use of 
results in [29] , where the spectra of twisted Dirac operators on flat bundles over 
arbitrary compact flat spin manifolds is determined. Also, we refer to [31] for 
a survey on the spectral geometry of flat manifolds and for a more complete 
bibliography than we can present here. 



Key words and phrases. Flat manifolds, eta invariant, equivariant bordism. 
2000 Mathematics Subject Classification. 58J53 
w Partially supported by Project MTM2006-01432 (Spain) 
( ") Partially supported by CONICET, Foncyt and SECyT-UNC. 

1 



2 



P.B. GILKEY, R.J. MIATELLO, R.A. PODESTA 



In a general setting, let M be an arbitrary Riemannian n-manifold, let D be a 
self adjoint partial differential operator of Dirac type, and we let Speco{M) = 
{A n } be the set of eigenvalues of D, counted with multiplicities. Results of 
Seeley [36] show that the eta series 

(1.1) vd(s) := £ sign(A i )|A i |- s 

is holomorphic for Re(s) > n. Furthermore, t]d(s) has a meromorphic extension 
to C called the eta function (that we still denote by t]d(s)) with isolated simple 
poles on the real axis. In their study of the index theorem for manifolds with 
boundary, Atiyah, Patodi, and Singer showed that is a regular value of the 
eta function ([6, 7, 8], see also [21]) and defined the eta invariant 

T)D ■= ??D(0), 

as a measure of the spectral asymmetry of D, and the invariant 

(1.2) fj D : = ^D + dimkerD) , 

which is also referred to as the eta invariant by some authors. 

We now return to Z p -manifolds. Let be a spin structure on a Z p -manifold 
M. We consider the spin Dirac operator Di twisted by a character pi of Z p , 
for < £ < p — 1 (with £ = corresponding to the untwisted case), acting on 
smooth sections of the twisted spinor bundle of (M, eh) (see §3.1). Denote the 
associated eta series by %,/i(s) and the corresponding eta invariants by r\i^ and 
fji t h, respectively. 

In §3.2 we study the spectrum SpecD t (M, e^) and determine its contribution 
to formula (1.1). We show that non trivial eta series can only occur for the 
so called exceptional Z p -manifolds, in the terminology of Charlap [18]. Using 
the information on the spectrum in §3.2, in Theorem 3.4 we obtain explicit 
expressions for the eta function r/^/^s) in terms of Hurwitz zeta functions £(s, -), 
with 1 < j < p — 1 (see (3.13)). From these expressions for %^(s) we get 
formulas for the eta invariants r]t hi by evaluation at s = (Theorem 4.1). 

It is known that the dimension of the kernel of Di on compact flat manifolds 
is non zero only for the spin structure of trivial type [29]. In Proposition 
4.4 we give an expression for dimkerZ)^, which, together with our previous 
computations, and in light of (1.2), yield an expression for f)t h and for the 
difference 7% h — f/o,/i of M (see Remark 4.5 and Corollary 4.6). 

The integrality of T\i h, except in a single case, is one of the main results in 
this paper. 

Theorem 1.1. Let p be an odd prime and let £ £ No, with < £ < p — 1. 
Consider a 7L v -manifold M of dimension n equipped with a spin structure e. 
Then 

fji = mod Z 

unless p = n = 3, and in this case fjg = | mod Z. Furthermore, in all cases, 
fjt — fjo = mod Z. 
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The theorem says that the eta invariants fjg, < I < p — 1, are integers 
except in the case of the so called tricosm, the only 3-dimensional Z^-manifold 
(see Example 2.5). 

We point out that for certain Z p -manifolds with p = 3 mod 4, there is a 
close connection between the spectral invariants and invariants coming from 
number theory. More precisely, when j3\{M) = 1 and (n — l)/(p — 1) is odd, 
the eta invariants r/e are given in terms of sums involving Legendre symbols 
(^) with < j < p — 1 (see Remark 4.3). Moreover, in the untwisted case, r/o 
is a simple multiple of the class number h- p of the imaginary quadratic field 
Q(y/—p)- Namely, these manifolds have only 2 spin structures and we have 

%,l = -4/^, 7,0,2 = ((|) - 1) r/ 0ll , 

where uj- p is the number of p th -roots of unity in Q(V — P)- 

As a main application, in Section 5 we use the computations in Section 4 to 
study the equivariant spin bordism group of Z p -manifolds. We recall that two 
compact closed spin manifolds M\ and M2 are said to be bordant if there exists 
a compact spin manifold N so that the boundary of N is M\ U — M2 with the 
inherited spin structure, where — M2 denotes M2 with the opposite orientation. 
If Mi and M2 have equivariant Z p -structures (see Section 5), we say N is an 
equivariant bordism between M\ and M2 if the Z p -structure extends over N. 
In this situation M\ and M2 are said to be equivariant Spin-bordant. Bordism 
is an important topological concept first investigated by Thorn. Theorem 1.2 
below states that any Z p -manifold with the canonical Z p -structure is equivariant 
bordant to the same manifold with the trivial Z p -structure; i.e., vanishes in the 
reduced equivariant bordism group. We postpone until Section 5 a more precise 
description. 

As it is known, the eta invariant is an analytic spectral invariant, that gives 
rise to topological invariants which completely detect the equivariant Z p spin 
bordism groups. The integrality results of Theorem 1.1 then yield the following 
geometric and topological result, one of the main motivations for this investi- 
gation. 

Theorem 1.2. Let (M,e,a p ) and (M,e,ao) denote a Z p -manifold M which 
is equipped with a spin structure e together with the canonical and the trivial 
equivariant Z p - structures a p and gq respectively. Then 

[(M, e, a p )] — [(M, e, a )] = 

in the reduced equivariant spin bordism group M Spin n (£?Z p ). 

It is worth putting these groups into a bit of a historical context. The equi- 
variant spin bordism groups are important in algebraic topology as they are 
closely related to Brown-Peterson homology. In [9] the eta invariant was used 
to compute BP*(BG) where G was a spherical space form group; this compu- 
tation yields the additive structure of M Spin,, (B7L P ) for p an odd prime. But 
in addition to their topological importance, these groups have also appeared in 
a geometric setting, for instance, in connection with spin manifolds with finite 
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fundamental group admitting a metric of positive scalar curvature (see Remark 
5.3). 

A brief outline of the paper is as follows. In Section 2 we start by giving 
a somewhat detailed description of the structure of Z p -manifolds and of their 
spin structures. Sections 3 through 5 are devoted to the proofs of the main 
results. In Sections 3 we study the spectrum and the eta series, in Section 
4 we give the results concerning eta invariants and in Section 5 we settle the 
result on spin bordism. In these proofs we use a number of auxiliary formulas, 
stated and proved in Section 6. Namely, we need formulas for trigonometric 
products (§6.1), for twisted character Gauss sums (§6.2) and sums involving 
Legendre symbols (§6.3). We have presented this material at the end to avoid 
interrupting the flow of our discussion of the main results. 

2. Zp-MANIFOLDS 

2.1. Compact flat manifolds. Any compact flat n-manifold is isometric to a 
quotient of the form 

M r = T\R n 

where T is a Bieberbach group, that is, a discrete, cocompact, torsion-free 
subgroup r of I(M n ), the isometry group of M. n . Thus, one has that any element 
7 G I(R n ) ~ O(n) x W 1 decomposes uniquely as 7 = BLb, where B G O(n), Lb 
denotes translation by b G M n , and furthermore, multiplication is given by 

(2.1) BLb ■ CL C = BCL c -i b+c . 

The pure translations in T form a normal, maximal abelian subgroup of 
finite index, La, A a lattice in M n that is -B-stable for each BLb G T- The 
restriction to T of the canonical projection I(]R") — > 0(n) given by BLb l— > B is 
a homomorphism with kernel L\ and its image F is a finite subgroup of O(n). 
Thus, we have an exact sequence of groups 

(2.2) O-s-A-^T-s-F-s-l. 

The group F ~ A\T is called the holonomy group of T. The action by conjuga- 
tion BL\B _1 = L%\ of A\r on A defines a representation F — > GL n (Z) called 
the integral holonomy representation, or, for short, the holonomy representa- 
tion. In general, the integral holonomy representation is far from determining 
a flat manifold uniquely. 

We note that in any compact flat n-manifold, we have that 

n B := dimker( J B - Id n ) = dim (R n ) B > 1 

for every BLb £ F (see for instance [31]) and that Mr is orientable if and only 
if F C SO(ra). 

2.2. Zp-manifolds. A r L v -manifold is a compact flat manifold Mr = r\IR n with 
holonomy group F ~ Z p . Hence T = {BLb, A) is torsion-free, with B G O(n) of 
order p and b G W 1 \ A. 

By (2.2), Mr can be thought to be constructed from a Z p -action on A. Thus, 
as a Z p - module, A is of the form given by Reiner in [33], i.e. A is isomorphic to 

(2.3) A(a,b,c,a) := a © (a - 1) O © bZ[Z p ] © c Id, 
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where a, b, c are non negative integers satisfying a + b > and 

n = a(p — 1) + bp + c, 

£ is a primitive p th -root of unity, O = Z[£] is the full ring of algebraic integers 
in the cyclotomic field Q(£) and a is an ideal in 0. Also, Z[Z p ] denotes the 
group ring over Z, and Id ~ Z stands for the trivial Z p -module. 

The Zp-actions on the modules O, a and Z[Z p ] are given by multiplication 
by £. In the bases 1, £, . . . , £ p_2 of and 1, £, . . . , of Z[Z P ], the actions of 
the generator are given, in matrix form, respectively by 



(2.4) C p = 



(% z\\ 



\ IzlJ 




e GLp_i(Z), J P = \ . e GL P (Z 



If o = Ou is principal, we may use the Z-basis a,£a, . . . ,£ p_2 a of o and the 
action of the generator is again described by the matrix C p . For a general 
ideal this action is given by a more complicated integral matrix that we shall 
denote by C P)Cl . We note that C p ^ a = Id, the action has no fixed points, and the 
eigenvalues of C Pja are again all primitive p th -roots of 1. In particular, C PiCl is 
conjugate to C p in GL(n, Q). 

Note that J p G SO(p) but C p S SL p _i(Z) \ 0(p — 1), and furthermore, 
nj p = 1, nc* p = nc pa = 0. Since det C p = det J p = 1 we have F C SO(n), and 
hence Mr is orientable. 

Using (2.3), Charlap was able to give a full classification of flat Z p -manifolds 
up to affine equivalence classes in [17] (see also [18]). He distinguished between 
two cases, that he called exceptional and non-exceptional manifolds. 

Definition 2.1 ([18]). A Z p -manifold M is called exceptional if the lattice of 
translation is, as a Z p -module, isomorphic to A(a, 0, l,a) for some ideal a in 
O = Z[£]; that is, if (b,c) = (0, 1). Otherwise, M is called non- exceptional. 

The following proposition collects several standard facts on the structure 
of Zp-manifolds. We include a sketch of the proof to make the paper more 
self-contained. 

Proposition 2.2. Let Mr = T\M. n be a 'L p -manifold with V = (7, A), where 
7 = BL b . 

(1) (BL b )P = L bp where b p = £jpS B*b G L A n (£^o B j ')A. 

(ii) As a Zp-module, A ~ A(a, b, c, 0) as in (2.3) with c > 1 and a, b, c uniquely 
determined by the isomorphism class ofT. 

(Hi) r is conjugate in I(R n ) to a Bieberbach group T = (7, A) where 7 = BL^ 
for which one further has that Bb = b and b G |A \ A. 

(iv) One has that 

#1 (M r> Z) ~ Z a p © Z b+C , fl^Afr.Z) ~ Z b+C , 
and hence ub = b + c = j3\, where j3\ is the first Betti number of Mr . 
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(v) We have that n B = 1 (b, c) = (0, 1). In this case, there is a Z-basis 
fx, ■ ■ • , fn of A such that A = Z/ n and (fj, f n ) = for any 1 < j < n - 1. 
Furthermore, the element 7 = as above can be chosen so that b = -f n . 

Proof, (i) By repeatedly applying (2.1), we get (BL b ) p = Ly-p B - ih G T and 

hence b p = J2^=o^ J ° e ^- Furthermore, b p G" (X)?=o B J )A. In fact, if 6 P = 
^j=o i? J A with A £ A, then we would have (BL p L_\) p = Id, which contradicts 
the torsion freeness of T. 

(ii) By Charlap's classification [17] (see also [18]), the translation lattice A 
must be one of the Reiner's Z p -module described in (2.3). Also, the torsion-free 
condition on T implies that c > 1. By (iv), T determines a and b + c. Since 
n = (a + b) (p — 1) + (b + c) , the number a + b is also determined and hence so 
are b and c. 

(hi) If G r as in the statement, we have that b = b + + b' where one has 
Bb + = b + and b' G ker(£ - Id)- 1 . Furthermore, b' p = since b' p = (Yl P jZl #0&' 
lies in ker(I? — Id) -1 " n ker(U — Id). Thus {BL b ) p = L p i )+ is a translation in T, 
hence p6+ G A and b + / 0. 

If f G M n , then L V BL\ ) L- V = BL b+ ( B -i__j d ^ v . Now, we have Im(I3 _1 — Id) = 
ker(I3 _1 — Id) 1 - = ker(B — Id) -1- , so, one can choose v so (B~ l — Id)v = —b'. In 
this way, conjugation of T by L v changes T into a Bieberbach group generated 
by 7 = BL b+ and A, where 7 satisfies 136+ = p6+ G A and b + ^ A, as 
desired. 

(iv) These groups are given in [18], pp. 153, Exercise 7.1 (iv). For com- 
pleteness, we give a sketch of the proof by explicit calculations. We note that 
the result for Hi(Mr,Z) implies the one for H 1 (Mr,Z), by the universal co- 
efficient theorem, and furthermore, the formula for H 1 (Mr,Z) in turn implies 
that f3\ = b + c = n B - 

Thus, it suffices to compute Hi(Mr,Z) ~ r/[r,r]. Since [L\,L\i] = Id and 
[7,L A ] = BL h L\L_ h B~ x L_\ = L^ B _ ld)x , we have that 

(2-5) [r, T] = ([7, L X ] : A G A) = L {B _ Id)A . 

In order to compute (B — Id)A in our case we use a basis of A such that the 
action of B is represented by matrices as in (2.4). We shall denote by Aq the 
sum of all submodules of A of type O or 0, by A B the sum of those of type 
Z[Z p ] and by Ao the sum of the trivial submodules. 

We first note that if /1, . . . , f p ~\ is a Z-basis of a module N of type O or a, 
then a basis of (B - Id)N is given by f 2 - fi, . . . , f p -\ - f p -2, - Ej=i fj ~ fp-h 
or else we can use the basis f 2 — fi, /3 — /2, • • • , f P ~i — fp~2,pfp~i- This implies 
that N/(B - Id)N ~ Z p , hence 

Ao/(B - Id)A =< Z* 

Similarly, if f[, . . . , f is a Z-basis of a module N' of type Z[Z p ], then a basis 
of (B - Id)N' is given by f 2 -/{,... , - f p _ 2 , f' p - f p _ v f[ - f' p . This implies 
that N'/(B - Id)N' ~ Z. Finally, for a summand of trivial type, N" ~ Z, we 
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clearly have (B - Id)N" = 0. Thus 

A R ®A /(B-Id)A R ^Z b+c . 

Now (BLb) p = Lpb + and pb+ G A is fixed by B, hence one has that pb+ G 
A B = A 1 ^ © Ao, since (Ao) B = (a module of type N has no I?-fixed vectors). 
For a module of type N' we have that (N') B = ZQ^ =1 f'-) ~ Z, by using a 
basis /'•, i < j < p, as above. Hence An ~ ^ 



Putting all this information together, by (2.5), it is not hard to check that 

r/[r, r] ~ (BL b , l aBr(BAo ) / (b - id)A R ^ z* © z b+c , 

and hence the assertions in (iv) are proved. 

(v) Since n R = b + c and b > 0, c > 1, it is clear that rig = 1 if and only if 
(b,c) = (0,1). 

Now, by (ii), we may assume that b + = b, after conjugation of T by L v in 
I(M n ) if necessary. By the description of the lattice in (ii), and since (b,c) = 
(0,1), there is a Z-basis fi, ■ ■ ■ , f n of A such that Ao = Z/„ and pb = af n 
with a £ Z, and where (p, a) = 1, since b ^ A. Now, if s,t G Z are such that 
sa+tp = 1, then spb = saf n = f n — tpf n , so sb = ^- — tf n . Hence, since tf n G A, 
we may change the generator 7, of T mod A, by 7 := (BLb) s L t f = B s Li f , 

which has the asserted properties. Finally, we note that since B has no fixed 
points on (Ao) -1 then (fj, f n ) = for any 1 < j < n — 1. 

This completes the proof. □ 

Remark 2.3. The compact flat manifolds are classified, up to affine equiva- 
lence, only in low dimensions n < 6 ([25] n < 3, [11] n = 4 and [19] n = 5,6). 
In dimension 3 there are 10 compact flat manifolds, half of them having cyclic 
holonomy groups F ~ Z2,Z3,Z4,Zg (see [39]). These manifolds were described 
in [16], where they were called platycosms. Out of these, there is only one 
Z3-manifold, the tricosm. That is, there is only one 3-dimensional Z p -manifold 
with p an odd prime. It is denoted by G3 in [39] and by c3 in [16]. 

2.3. The models Mpf a (a). We shall now give some explicit models of Zp- 
manifolds. In particular, we will show that for any triple, a, b, c G No, c > 1 and 
any ideal a in 0, one can construct a compact flat manifold with translation 
lattice A such that, as a Zp-module it satisfies (2.3). For a,b,c G No, c > 1, 
and any ideal a, let C p , J p , and Cp j0 be as in the previous subsection and define 
matrices C, C G GL n (Z) of the form 

C = diag(Cp, . . . , Cp, Jp, . . . , Jp, !,...,!), 




C = diag(Cp i0 , Cp 



where a is not principal. 

Note that, actually, C is just a particular case of C when a = O (or when a 
is principal) and C depends on a, 6, c and a, though this is not apparent in the 
notation. Although C,C O(n), they can be conjugated into I(M n ). Indeed, 
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the eigenvalues of C p and C p ^ a are exactly the primitive p th -roots of unity and 
the eigenvalues of J p are all p th -roots of unity. Thus, if ~ means conjugation 
in GL n (M), then C p ~ B p , C p , a ~ B p and J p ~ ( Bp ), where 

(2.7) B p := diag(B(f ), B(^), B( 2 -f)), 

with q = and B(t) = ~^*), * G M. That is, there exists a matrix 

A a G GL n _ c (R) c GL n (R) such that XaCX' 1 = BeSO(n-c)c SO(n), 
where 

(2.8) 5 = diag(£? p , . . . , B,,, l^^l). 

a+b b+c 

We now define a lattice in M n by 

Aj£(a) := X a Z™" c © Z c = X^X- 1 . 

Thus, as a Z p -module, A Pj a(a) decomposes as in (2.3), with eld orthonormal to 
its complement a © (a — 1)0 © 5Z[Z P ]. With these ingredients, we define an 
ra-dimensional Bieberbach group: 

r£ c a (a) := (BLe^A^a)), 

p 

where e n is the canonical vector, and the corresponding flat Riemannian n- 
manifold 

(2.9) AfJS(o) := r&(a)\R n . 

Remark 2.4. As we shall see, in the study of eta invariants of Z p -manifolds it 
will essentially suffice to look at exceptional Z p -manifolds, i.e. those with /3\ = 1. 
Proposition 2.2 (vi) says that any exceptional Z p -manifold M is diffeomorphic 
to some M p ' t a(a) as in (2.9), i.e. having b = |e n . 

As mentioned in the Introduction, the integrality result in Theorem 1.1 will 
be proved to hold for every Z p -manifold except for a single one, the so called 
tricosm. We now give a description of this manifold. 



Example 2.5. In our previous description, the tricosm c3 (see Remark 2.3) 

2ni 
3 



corresponds to M^i = M®'1(0), with O = Z[^p]. So, as a Z3-module, we 



27ri , 



have A = Z[e 3 ] © Z and the integral representation of F ~ Z3 is given by the 
matrix C3 = diag(C 3 ,l) = ( 1 -1 J. Then M 3j i = (BL^, L j i; Lf 2 , L e3/ 



1 / 3 



where /i,/2,e 3 is a Z-basis of A 3>1 = XZ^ © Z, B = _i/ 2 I G SO(3) 

and A G GL 3 (M) is such that XC 3 X^ = B. 

2.4. Spin group and spin representations. Let Cl(n) denote the Clifford 
algebra of W 1 with respect to the standard inner product. Inside the group 
of units of Clin) there is the spin group, Spin(n), which is a compact, simply 
connected Lie group if n > 3. There is a canonical epimorphism 

(2.10) vr : Spin(ra) -> SO(n) 
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given by n(v)(x) = vxv~ l , with kernel {±1}- A maximal torus of Spin(ra) has 
the form T = {x(ti, . . . , t m ) : tj G R, 1 < j < m} where m = [^], 

m 

x(t±, . . . ,t m ) := JJ(cosi,- + sinij e-ij-izij) G Spin(n) 
3=1 

and e±, . . . ,e n is the canonical basis of IR n . For convenience, if a G N, we shall 
use the notation 

(2.11) X a (ti,t 2 , ■ ■ ■ , t q ) := x(ti, t 2 ,...,t q ,...,t 1 ,t 2 ,..., tg) . 




Set xo(ti, . . . , t m ) := diag(.B(ti), . . . , B(t m ), 1) if n = 2m + 1 and omit the 1 
if n = 2m. A maximal torus in SO(?i) is To = {xo(ti, . . . ,t m ) : ti G M}. The 
restriction map ir : T — > To is a 2-fold covering and 

(2.12) vr(x(ti,...,t m )) =x (2t 1 ,...,2t m ). 

Let (L n , S n ) denote the spin representation of Spin(n), which is the restriction 
to Spin(n) of any irreducible representation of the complex Clifford algebra 
Cl(n) (8) C. It has complex dimension 2 m with m = [^]. If n is odd, (L n ,S n ) 
is irreducible while, if n is even, S n = ® S~ where each is irreducible 
of dimension 2 m_1 . The representations := L n ^ s ± are called the half-spin 

representations. It is known that the values of the characters of L n and on 
the torus T are given by (see [29], Lemma 6.1) 



X Ln (x(t u ...,t m )) = 2 m JJcosij, 



(2.13) 



X l± (x(ti, • • • , O) = 2™- 1 ( [J cost,- ± i m J] sint 

i=i 3=1 



2.5. Spin structures. It is a well known fact that spin structures on a compact 
flat spin manifold Mr are in a 1-1 correspondence with group homomorphisms 

(2.14) e : V -> Spin(n) such that 7r(e(7)) = B, 

for any 7 = BL b G T (see [20], [26] or [32]), where vr is as in (2.10). 

Any morphism e as in (2.14) is determined by the generators of T. Let Mr 
be a Zp-manifold with T = (7, L\) and let fi, ■ ■ ■ ,f n be a Z-basis of A. Since 
r(A) = Id, we have e(A) G {±1}, and hence e is determined by £(7) and 

:=e{L fj ) G {±1}, j = l,...,n. 

Since every T-manifold with |T| odd is spin ([38], Corollary 1.3), the Z p - 
manifolds considered are spin. The determination of such structures for Z p - 
manifolds were previously considered in some particular cases (see [29] and [30] 
for the exceptional manifolds M Pi ' a (a), and in [34] in the case of M \ and p any 
odd integer, not necessarily prime). In fact, it is known that the exceptional 
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manifolds Mp,'i(a) admit only two spin structures, £i,E2, one of which, e\, is of 
trivial type ([30]). They are given, for h = 1,2, by 

e h {L h ) = ■■■ = ShiLf^) = 1, e h (L fn ) = (-l) h+1 , 

^(7) = (-ir [£ ^ 1+/i+1 x a (f,f,...,f), 

in the notation of (2.11). 

Although in the sequel we will not need the explicit description of the spin 
structures of an arbitrary Z p -manifold, we will now give it for completeness. To 
this end, we will use the following abuse of notation 

(2.16) e lA = (e(L fl ),...,e(L fn )). 

Proposition 2.6. Let p be an odd prime and let M be a "Lp-manifold with 
lattice of translations A ~ A(a, b, c, a). Then M admits exactly 2 b+c = 2^ spin 
structures, only one of which is of trivial type. 

If, in particular, M = M Pj a(a) then the spin structures are explicitly given by 

£|A = ( 1, ■ - ) Mi, ■ ■ ■ , h , ..., 5b,..., 5b , S b+ x, ... , Sb+c-i, (~l) fc+1 ) 

(2.17) a(p-l) P V 

e(7 ) = x a+b (^f,...,f), 

in the notations of (2.16), (2.5) and (2.11). 

Proof. Let M = r\JR n be a Z p -manifold. By the results in [29] (see also [30], 
[28]), a group homomorphism e : T — > Spin(n) as in (2.14) determines a spin 
structure on M if and only if it satisfies the following conditions: 

CI. e(Lbx) = e(L\) for any A G A, 

C2. e { 1 y = e{Y) = e{L ph+ ), 

where 7 = BLb with b = b + + b' and b' _L 6 + . Furthermore, the orthogonal 
projection of b + on Ao = eld is not 0. 

We fix a Z-basis /1, . . . , f n -i, fn = e n of A. 

Case 1, M ~ M Pi a(a) First, suppose that M = Mp]a(a) and assume a group 
homomorphism e : Tp° a (a) — > Spin(n) as in (2.14) is given. 
By (2.7), (2.8) and' (2.12) we have 

(2.18) e( 7 ) = ±(-l)(*+^] x a+b (^, f,...,f) 
where q = 2=-. 

We note that in this case, since 6+ = — , condition C2 will only give a 
condition for e on Ze n . To determine the action of e on 

(Zen) 1 = A A R © A = 0® a © © Id®^- 1 ), 

we will use condition CI together with the integral matrix C' given in (2.6). 
Let f := (C'Lsn,A) C Aff(IR n ) where A = A(o,6,c,o) is as in (2.3). By the 
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description in §2.3, we have XaTX- 1 = T b p f a (a). Now, define e : f -> Spin(n) 
by e = e o where ix n i s conjugation by X a . Since 

e ( L (B-Jd)A^ c a (a)) = £ ( X * L {C~id)AX- x ) = e(L (C /„ Id)A ) 
we have that e(L^ B _ M ^ A b, c ^) = 1 if and only if e(L(C'-id)A) = 1- 
^tep i. Here we will show that £|a = 1. For any summand of type O = Z[£] in 
(2.3), there is a Z-basis of the form {e, £ e, . . . , £ p_2 e}. Hence by condition CI 
we must have 1 = e(f e-e) = • • • = e(£ p " 2 e-£ p " 3 e) = e(£P _1 e-£ p " 2 e). Thus, 
we have e(e) = e(£ e) = • • • = e(£ p_2 e) = e(e) e(£ e) • • • e(^ p_2 e), where in the 
last equality we have used that = — X]f=o£ l - This implies e(e) p_2 = 1, 
and hence e(e) = 1 since p is odd. Therefore, e(£ J e) = 1 for every < j < p — 2 
and thus e(A) = 1 for any A G Aq. 

Now, given a summand of type a in A, there exist e%, e 2 G a such that 
a = Oe\ + Oe2- By the same argument as in the case of O, we conclude that 
£|Oei = ^Oe 2 = 1- Hence e"| a = 1. 

In this way, for any A G Aq we have 

e(L x ) = e(L XaX ) = e(X a L x X^) = e(L x ) = 1. 
In particular, Sj = s{Lf.) = 1 for 1 < j < a(p — 1). 

Step 2. We now study the action of e on the block A#© Ao- For each summand 
of type R = Z[Z P ] in (2.3), there is a Z-basis {e, £ e, . . . , e}. Thus, by 
condition CI we have e(e) = e(£ e) = • • • = e(£ p_1 e) G {±1} since there are no 
extra restrictions. Hence = 5, where 5 G {±1} and, proceeding as before, 
we have 

e ( L fa (P -i )+3P+ i) = ■■■ = e{L fa(p _ 1)+]v+p ) = 5j, < j < b - 1. 

Also, for trivial summands, it is clear that = <5« for n — c + 1 < i < n. 

For i ^ n there are no restrictions. 

^tep 3. Since 7 P = L en , conditions CI and C2 are linked together and give a 
restriction which determines both the value of e(L en ) and the sign in (2.18). 
Indeed, since j p = L en we have 

S n = e^r = ° x a+b (f, f,...,f)P = a x a+b (K, 2tt, . . . , qn) = a(-l) t+1 

with a = ±(— l)( a + 6 )[S~] and where we have used that x{0) k = x(kO) for any 
9 G R, fc G Z and the commutativity in O(n) of the elements e2i-ie2i and 
e 2 j-ie 2 j for i / j. 

Putting ± = (— l) h+1 with h = 1,2, we get the expressions in (2.17). 

Case 2, M arbitrary. The proof is entirely analogous, where we now start with 
the b + c — 1 characters 5j corresponding to A# and A = (c — 1) Id, and where 
we have (BLh) p = L pb+ with pb + G A^ © Ao (in place of pb + = f n ). 

Then the equation e{^) p = s{~f p ) = £(L p {, + ) imposes a condition linking the 
<5's and we again have 2 b+c spin structures as in the case of the model before. □ 

Remark 2.7. It is known that if a manifold M is spin, the inequivalent spin 
structures are classified by H 1 (M,Z 2 ) ([26], [20]). For M a Z p -manifold, by 
Proposition 2.2 (iv) and the universal coefficients theorem (or also directly), 
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one can prove that H l (M, Z2) — H\(M, Z2) — Z 2 +c . Hence, the number of spin 
structures of a Z p -manifold is 2 b+c = 2 /31 . In Proposition 2.6 we give a direct 
proof of this fact together with an explicit description of these structures in the 
case of the models M = Mp^(a). 

3. Twisted eta series 

3.1. Spectrum of twisted Dirac operators. Let (Mr,e) be a compact flat 
spin n-manifold with lattice of translations A. Let p : T — > U(V) be a unitary 
representation such that p\\ = 1. Consider the twisted Dirac operator 

n d 
D p = ^L n (e 4 )^-, 

i=i 0X1 

where {ex, . . . , e n } is an orthonormal basis of W 1 and L n is the spin represen- 
tation, acting on smooth sections of the twisted spinor bundle 

S p (M r ,e) = T\(R n x (S ® V)) -» T\R n 

of M r (see [29] for details). 

Let A* = {u G A* : e(L x ) = e 27riX ' u for any A G A}, where A* is the dual 
lattice. The nonzero eigenvalues of D p are of the form ±2irp with p = \ \v\\ for 
some v G A*. In [29], Theorem 2.5, it is shown that the multiplicities d p „ of 
±2irp for (Mr,e) are given, for n odd, by 

(3-1) d± p (T,e) = ± E XpW E «" 2 ™- f 'X i±CT( _ 7) (x 7 ). 

7 =BL i) GA\r «e(A| iM )s 

Here, Xp an d are the characters of p and of the half spin representations, 

respectively, and for 7 = BL^ G T we have A* = G A* : ||i>|| = and 

(A* M ) B = {^G : ^ = v}. 

Furthermore, x 7 G T is a fixed element in the maximal torus of Spin(ra), con- 
jugate in Spin(n) to 5(7), and a(u, Xj) is a sign depending on u and on the 
conjugacy class of x 7 in Spin(n — 1) (see Definition 2.3 in [29]). 

Relative to the multiplicity of the eigenvalue, i.e. the dimension of the space 
of harmonic spinors, it is shown in [29] that 

f TFT E X P {l) X Ln ( £ {l)) if£|A = l, 

(3.2) d p>0 (T,e) = { 7£A\r 

3.2. Spectral asymmetry. Consider an arbitrary Z p -manifold M of dimen- 
sion n as in (2.9), with p an odd prime, equipped with a spin structure e. The 
formula for the multiplicity of the eigenvalues (3.1) involves the character Xp of 
a representation p : Z p — ► U(V). Thus, we will consider for each < I < p — 1, 
the Dirac operator Di twisted by the characters 



1 2irikl 

Pi : Z p — > § C C* , fc 1— ► e p 
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Remark 3.1. By Corollary 2.6 in [29], valid for arbitrary compact flat man- 
ifolds, if n is even, or else, if n is odd and n# > 2 for every BL b E T, then 
the spectrum of Dg is symmetric. That is, one has that d^(T,e) = dJ^(T,e). 
Hence r]£ )£ (s) = and, in particular, ^ e = 0. In the case of Z p -manifolds, 
since ns = b + c and c > 1, we see that for the non-exceptional ones, i.e. those 
with (b, c) (0, 1), the eta invariant is just given by fj£ j£ = \ dimkerl^. This 
computation will be done in the next section (see (4.4)). 

By the previous remark and Remark 2.4, in the computations of rjg(s) and 
r]£, we will need only consider exceptional Z p -manifolds of the form M Pj ' a (a). 

By (1.1), we can write 
(3.3) m, h (s):=n e (T,e h )(s)= £ ^ ~ 

for Re(s) > n, where df h stand for d^ l41 (T , e^) as given in (3.1) and A^h 
denotes the asymmetric spectrum, that is 

Ai, h = {±2ttu, e Spec Dl h (M) : d+^ h ^ dj^ h }. 

To this end, we will first compute the differences, df h — dj h in Proposi- 
tion 3.3, and then the series in (3.3), in Theorem 3.4. 

Lemma 3.2. Let p be an odd prime and £ £ N with < I < p — 1. Let M be 

an exceptional "Lp-manifold with a spin structure £h, h = 1,2. Then 

d + — d~ 

= (-l)(^+l^+l 2 p§- 1 ^(-^(W) (4)%^ sin (2a*), 

k=l 

where (-) is the Legendre symbol and dj^ h denotes the multiplicity of the eigen- 
value ±2irfj, of Dg. 

Proof. Given an exceptional Z p -manifold Mr, by Proposition 2.2 (iii), we may 
assume that T = (7, A) with 7 = BL b G T, B p = Id and 6 = y • 

We begin by computing the expression in (3.1). Note that the holonomy 
group is F ~ {Id,B,B 2 , . . . Since £h{l k ) = £h{l) k G T, we can take 

x„ ( k = £h{l k ) and hence a(e n ,x^k) = 1 for every 1 < k < n — 1, by the 
definition of a (see [29]). Hence, according to (3.1), if b^ is defined by the 
relation j k = B k Lf, k , we obtain 

(3-4) < M = !I>(*0 £ e" 2 ™^ XL ^Je h (7 k )) 

k=0 u ^t h J Bk 

where a = a(u,x k). 
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Now, since A = (a© (a - 1)0) © 1e n and (R n ) Bk = Re n , 1 < k < n - 1, we 
have that (A* Eh ) Bk = Ze re if /i = 1 and (A* £h ) Bk = (Z + ±)e n if /i = 2. Hence, 

(3-5) (A^)** = {i^} 

with /x £ N for e\ and /U G No + \ for £2- 

In this way, using (3.5) and the fact that bk = ^e n , we see that (3.4) reduces 

to 

( 3 - 6 ) d t,h = I {^KJ+^^S^k) 

k=l 

where we have put 

1 —litiiih , 2iriu,k , 

(3.7) S+ (k) := e— Xi± (^( 7 fc )) + e~ X l t 1 Mt*))- 

71—1 71—1 

Here we have used that <r(— tt, 7) = — cr(u,7) and that o"(e n ,7 fc ) = 1. 
Now, using that x(6) k = x(k9) for 6 G E, fc G Z, we have that 

(3-8) e,( 7 fc ) = (-l) s "* a (f 2M) 

for 1 < k < p, where 

(3.9) s hjk :=k([3^]a + h + l). 
Thus, by (3.8) and using (2.13), we obtain 

x L±n i {e h {i k )) = (—i) sh ' k 2 m ^{ ( n cos(^)) a ± i m ( n sin ( i ?)) a }- 

Substituting this expression into (3.7) we see that 

(3.10) Sfc h (k) = (-1) S M= 2 m 

x { cos(^) ( f[ cos(f^)) a T * m+1 sin(^) ( f[ sm^))"}. 
i=i i=i 

Hence, by (3.6) and (3.10), we obtain 

p-i 



4m = JE e ~K/.w-y fc )) 

^(-l)^e^ S in(^)(nsin(f 



fc=i 

= (2ir+i yi, ^ 8hfc ^2^ frr^ gk^\ a 

V 

k=l j=l 

Now, by Lemma 6.1 (i) , (3.9), and also using that (— 1) — ~ = ( — 1) ^ 2 ] and 
aq = to, we arrive at the desired expression. □ 
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Our next goal is to find explicit expressions for dj~ h — dj First, we fix 
some notations. Set p = 2q + 1 and n = 2m + 1. Then, since 6 = and c = 1, 
we get n = a(p — 1) + 1 = 2aq + 1. Thus, m = aq and we have 



(3.11) a even m = 2r, a odd 



p = At + 1 O m = 2r, 
p = At + 3 44> m = 2r + 1. 

The proof of Lemma 3.2 shows that fx E N if /i = 1 and E No + | if /i = 2. 

Proposition 3.3. Zei p = 2q + 1 6e a prime and let I E No 6e chosen with 
< £ < p— 1. Consider Di acting on an exceptional "Z p -manifold of dimension 
n = a(p — 1) + 1 equipped with a spin structure e^, h = 1, 2. Put r = [j]. 

(i) If a is even, then d^ 1 — d$ 1 = d$ 2 ~~ u 2 = and if £ ^ we /iaue 

-l) r p3 ifp\h(£Tl-i), 
otherwise. 




(ii) If a is odd, then 

dt, h ~ dl„ h = (-1)^ ((^) - (^)) P^- 
/n particular, for t = we have 

JO i/p=l(4), 
>^ <W- j (_i r2 (^) p ^ tfp = 3(4), 

where (-) denotes the Legendre symbol and \i E ^No- 
Proof. We define the integer 

(3.12) Cfl = c(fi,h) :=/i-%GN , 

where <J h 2 is the Kronecker delta function. Note that the expression in Lemma 
3.2 can be written as 

-i m+l 2 p^- l F£° (£, c M ) if a even, 

do ,, u dn 



+1 2p§- 1 (-l)( E ^ i )F h Xp (£,c / ,) if a odd, 



7i V-^n) 

in the notations of Definition 6.2. 

Assertion (i) follows directly from Proposition 6.5 and from the previous 
expression. Relative to assertion (ii), we can apply Proposition 6.6 and the fact 

that (|) = (-1)^ to get 

dl,^-d^ l = ^ m 5(p)p^ (|) ((^) 

dt, - d w = rM PU >y ((^i) - (^±i)), 

where <5(p) = 1 if p = 1 (4) and <5(p) = % if p = 3(4). Note that by (3.11) 
i m 5(p) = (— \) q+r . The result follows from (3.12) and the multiplicativity of 
(~). In particular, for £ = we get the remaining assertion. □ 
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3.3. Eta series. We are now in a position to explicitly compute the twisted 
eta function 77^(5) of a general spin Z p -manifold (M, e^). We shall see that the 
expressions will be given in terms of Hurwitz zeta functions 

(3.13) C(s,a) =J2wlw> Re(*)>l, ae(0,l]. 

n>0 

Theorem 3.4. Let p be an odd prime, I £ No with < I < p — 1. Let (M, e^), 
be an exceptional spin "Lp-manifold of dimension n = a(p — 1) + 1. Put r = [^] 
and t = [|] . Then, the eta series is given as follows: 

(i) Let a be even. Then % ft.( s ) = 0, h= 1,2, and for 1 < £ < p — 1 we have 



m,i{s) 



^ p f f cc», \ - *±) - as, q <K P . 



(2np) s 



(ii) Let a be odd. Then, for < £ < p — 1 we have 

^) = ^^E((¥)-(¥))c(^)> 



i=o 

Ln particular, rjo^s) = for p = 1 (4). 
Proof. By (3.3) and (3.12), we have to compute the series 

00 d + - d~ 

(3-14) ^W = ^g (2c _, s2)s - 

We first prove (i). Let a be even. By Proposition 3.3 we have that h 

c£q h = and hence %,h( s ) = 0, h = 1,2. Also, for 1 < £ < p — 1 we have 

j_ _ - <5 

d i,n,h ~ d l,n,h = ±(-l) r P 2 if p\h(lT M) where /i = c M + with c M G N ; and 

d £,»,h ~ d l^,h = otherwise. Let c = c M > 1. 

(a) Take h = 1 and p | £ =F c. Then c = ~~ £) f° r some G Z and 
c = £-p/c>l^/c<0, c = pfc-£>l«»Jfe>l. 
Thus, by (3.14) we get 

fc<0 fe>l 



(27rp)' 



■p f (c(-,|)-c(-,V))- 
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(b) Take h = 2 and p \ 2{£ + c) T 1- Then 2(£=fc)=fl= pk, with k odd. Thus, 
we have 2c + 1 = ±(2£ — pk), k odd, and 



21 - pk > 1 4^ 

pk - 21 > 1 ^ 
Assume 1 < ^ < q. We have 



< -1 if 1 < £ < q, 

k < 1 if q <£ <p, 

k>l if 1 < £ < q, 

k>3 if q<£<p. 



V£,2(s) = h&vU a -TVs ~ 



k<~l 2> k>l ^2 p> 

k odd k odd 

oo oo _. 

= fc^P f (C( S ,| + |)-C(^i-|)), 

since 0<i±-<lforl<^<<7. 

The case g < £ < p is a bit more involved. We have 

(3.i5) mfl {s) = yfep? ( ^ . \ a - 7F_ 

Vp 2 J /t>3 V2 jj 

Now, the first sum in this expression equals 



k<l \p 2' fc>3 ^2 

fc odd k odd 



1 v 1 1 ~ 1 

Vp 2^ fc>l ^2^pJ Vp 2^ n=0^' t ^2^p^ 

fc odd 

oo 1 

= V - = c(s i - 2=^ 

n=0 V 2 pi 

since < 2^ < ^ ioi q < £ < p. Similarly, the second sum equals 

^ ( n + i-i) s = ^ 7^+~T+~EK s = 3 + V^' 

n>l i" + 2 p^ n>0l"+2+ p J 

By substituting in (3.15) we obtain the second expression for %2( s ) m (i). 

We now check (ii). Let a be odd and < £ < p — 1. By using (3.14) and 
Proposition 3.3 (ii), and writing c = pt + j with t > 0, < j < p — 1, we get 



= hJ^typ ^ Y- 



1 (^)-(^) 

c=l 



(27T) 

p— 1 OO 

j=l *=o 
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where we have used that (— 1) 9 (|) = (— 1)*. This gives the expression of rf^i(s). 
Similarly 



oo / 2(l-c)-l >. _ ( 2(£+c)+l , 
I \ (-l)«+ r Sl=L ^ V > ^ V > 

mA s ) = -i^p 2 2^ — 



(c+hY 



c=0 ^ 1 1> 

p—1 oo 
(-l)g+r o^l V- / / 2l-(2j + l) \ _ / 2l+(2j + lU \ V"^ 1 

- {2-K P y p 1 Z^\\ v ) \ p n 7~~2?Tiy- 
i=o t=o ^ + 2 P ; 

Now, using that + ^2p~) * = £( s ' ^ip^") ^ n ^ ne P rev i° us equations, we 

obtain the expression in the statement. The remaining assertion is clear and 
the theorem is thus proved. □ 

Remark 3.5. In the particular case when I = 0, b + c = 1 (i.e. f3\ = 1), a is 
odd and p = 3(4) (see Theorem 3.3 and Corollary 3.4), the untwisted eta series 
ilo,h(s) were computed in [30]. Some easy calculations show that the expressions 
given there coincide with the corresponding ones in Theorem 3.4. 



4. Twisted eta invariants 

4.1. Twisted and relative eta invariants. Here we compute the twisted eta 
invariants r]g and f]£, for any < £ < p — 1, the dimension of the kernel of Di 
and the twisted relative eta invariants, i.e. the differences fjg — f/o- 

We will need the following notations. For h = 1,2 we set 

p+ [M]p-hi-i M -[if\p-i 

(4-1) S£(i,p):= " £ (}) ± £ (|). 

i=i j=i 

where (^) stands for the Legendre symbol modulo p. Note that 
(4.2) S f(0,p) = Sf(0,p)=0 

since (j) = 0. 

Theorem 4.1. Lei p = 2g + 1 be an odd prime and let £ 6 N 6e suc/i i/iai < 
£ < p — 1. Le£ M 6e an exceptional r L p -manifold of dimension n = a(p — 1) + 1. 
Put r = [j] and t = [|]. TTie twisted eta invariants of (M,£y t ) are given as 
follows. 

(i) If a is even then ??o./i(0) = and for £ 7^ we have 

Vi,i = (-l) r P^\p-2£), m , 2 = (-lypi-^af ]p-l). 
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(ii) If a is odd then 

f (-i) t+r+l P^s^e,p) 



p-i 



W,2 = ' 



-ir r p^(st(i, P ) + 2 -z( i P )j) 

i=i 



-l)1+r p ^{st(l, P ) + {l)Sf(l,p) + 



5=1 



p 


1(4), 


!> = 


3(4), 


P = 


1(4), 


P = 


3(4). 



In particular, if a is odd, we have that 770,1 = for p = 1 (4) and that 770,2 = 
for both p = 1 (4) or p = 7 (8). 

Proof. We need only evaluate the expressions in Theorem 3.4 at s = 0, using 
that £(0, a) = \ — a. 

(i) If a is even, by Theorem 3.4 (i) we have 

7^(0) = (-!)>§ [(i ^)] = (-l)V (1 - f ) 
Proceeding similarly, we have 

(_l)r p f-l (_ 2 £) 1 < ^ < O, 

_ (-l^pt-^Cp-^) q<£<p, 
from where the expression in the statement follows. 

(ii) Assume now that a is odd. By Theorem 3.4 (ii), we have 

p-i 



%2(0) 



%,i(o) = (-i) i+r ?^E( 



(I - p)' 



j=i 

p-i 



%2 (0) = (-i)^p^ £ ((^f±^) - (^f^)) (^ - j). 

J'=0 

Now, by applying Lemma 6.7, in the notations of (6.16), we have 

m,i(o) = (-i) t+r+1 P !! ^s 1 (£, P ), 

VeM = (-^) Q+r+1 P^S 2 (£,p). 

Finally, using Proposition 6.10 we get the desired expressions. 

The remaining assertions follow from (4.2) and thus the theorem is now 
proved. □ 

We will now show the integrality of the eta invariants rji (except for the 3- 
dimensional Z3-manifold M^\) and study their parity. To this end, we first 

recall the Dirichlet class number formula for a negative discriminant D in the 
particular case D = —p, with p = 3(4) a positive odd prime. It is given by 

P-l 



(4.3) 



3=0 
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-h- p p > 5, 
-2/3 V = 3, 



where is the class number of the imaginary quadratic field Q(\/— p) and 
uj-p is the number of p th -roots of unity in that field. Hence, uj~ v = 6 if p = 3 
and LO-p = 2 if p > 5. 

Corollary 4.2. Let p be an odd prime and £ E N u>i£/i < £ < p — 1. Let 

(M,Eh) be an exceptional spin 7L v -manifold, h = 1,2. 

(%) // (p, a) ^ (3, 1) i/ien 77^^ E Z. Furthermore, r/o^ 2s e^en and, if £ ^= 0, 
then r\i t \ is odd and 77^2 e?;en. 

(wj If(p,a) = (3,1) i/ien 

f — 2/3 £ = 
%l = | ^3 £ = 1 ' 2 %,2 = 4/3 £ = 0,1,2. 

Proof, (i) Let (p, a) 7^ (3, 1). If a is even it is clear from the expressions in (i) 
of Theorem 4.1 that 77^ E Z and 770, h G 2Z. For £ 7^ 0, we also have that 77^1 
is odd and 77^2 is even. 

We now let a be odd. We will first show that the values at are integers. 
It is clear that the sums Sf(£,p),S^(£,p) E Z. In the case p = 3 (4) there is 
another term to consider. By (4.3), it follows that 

p-i 

I = _^ftzjL - 

p / / \p) J U-P 

3=0 

since /i„3 = 1. In this way, | Sj=o (p)-? ^ ^ f° r P — ^> while for p = 3 we have 
that I Sj=o = £ ^ f° r a > 1. In any case, we see that 

r]i )h E Z for (p,a) / (3, 1). 

We now consider the parity of the sums S^(£,p), h = 1, 2. If £ = 0, all the 
sums are zero. If £ 7^ 0, Sf(£,p) = (p — £ — 1) + (£ — 1) = p mod 2, hence it is 
odd. Similarly we verify that 5^ (£, p) is odd, in this case. 

Now, making use of these parity considerations and looking at the expressions 
in (i) of Theorem 4.1 for a odd, we see that again 770, h £ 2Z and 77^1 is odd and 
77^2 is even, for £ 7^ 0. 

(ii) Suppose (p, a) = (3,1). We need evaluate the expressions in Theorem 
4.1 (ii) for p = 3 (4). We have that q = 1 and r = t = 0. Using that (|) = 1, 

(§) = _1 and E^=i(|)i = _1 we nave 

^1 = S+(£, 3) - I ru,2 = I + £+(£, 3) - 5 2 + (£, 3). 

Now, using (4.1) we have S^(0, 3) = 5^(0, 3) = 0, by (4.2), and it is easy to 
check that Sf(£, 3) = S% (£, 3) = 1 for £ = 1, 2. Substituting these values in the 
previous equations the result follows. □ 

Remark 4.3. By using the formula (4.3), the expressions for the eta invariants 
77^ in Theorem (4.1) can be put in terms of class numbers when a is 
odd and p = 3(4). In particular, by (4.2), for an exceptional manifold in the 
untwisted case £ = 0, we get the expressions 



a-l 



m,i = -4pV r) ,2 = {(f) -i}m,i, 
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where we have used that r = [j] and t = [|]. Thus, for p = 3 we have 

a — 3 a — 3 

770,1 = —2 • 3 2 and r/0,2 = 4-3 2 . For p > 7 we may conclude that 

--I , , JO P=7(8), 

7/0,1 = -2p 2 and 7/0,2 = . ti, _ /Q * 

[ 4p 2 h- p p = 3 (8). 

These expressions coincide with the ones obtained in [30], Theorem 4.1. 

It is known that the dimension of the kernel of the Dirac operator Di coincides 
with the number of independent harmonic spinors, which in turn equals the 
multiplicity of the eigenvalue 0. That is, 

dimker Di = d^o- 

We now compute this invariant for an arbitrary Z p -manifold. 

Proposition 4.4. Let p = 2q + 1 be an odd prime. Let M be a 'Lp-manifold 
with a spin structure e^. Then, d^o,ft = for any nontrivial spin structure Eh, 
h 7^ 1, while for the trivial spin structure e\ we have 

(4.4) d w = ^( 2 (»+% + (_i)(^)(^) (p^ fl _ 1)) 

where < I < p — 1 and 5^q *s the Kronecker delta function. 

Ln particular, if b + c > 1 then dn 1 is even for any < i < p — 1 while if 
b + c = 1 t/ien do, 0,1 ewen and aV,o,i is odd /or £ 7^ 0. 

Proof. By (3.2) we have dg ft = for /i 7^ 1 and 

p-i 

de,o,i = l}2 e P X Ln (ei{l k )). 

k=0 

Using (2.17) and the fact that x(6) k = x(k9), 6 £ R, k £ Z, we have that 
£l ( 7 fe ) = (-l)M^K^) Xa+b (!f, m 2*E). Now, applying (2.13), we get 

p-i 



2 rn 

',0,1 = — 



^(-l)M^K^)( ncos(i?) ) a+b e ^ 
fc=0 3=1 



By (ii) in Lemma 6.1, for k > we have 

(neost^))-'^-!)"- 1 "^' 



2(a+6)q 



Thus, we get 



n 2 -i p— 1 

u )(a + 6) 27rifcl 



nm / C_1')( il -g— )( a + 6 ) \ ^ 27Tifc 

d w = V ( 1 + W> — E e p 

k=l 

Expression (4.4) now follows from the fact that Xwc=i e p equals p — 1 for 
£ = and —1 for 1 < I < p — 1. Since 2m + 1 = n = a(p — 1) + bp + c and 
p = 2q + 1 we have that b + c is odd and m = (a + b)q + ( fc+ ^~ 1 ). 

The remaining assertions are now clear from (4.4) and the proposition readily 
follows. □ 
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Remark 4.5. By (1.2), for a Z p -manifold we have 
(4.5) fjt >h = \{m,h + di, ,h) ■ 

Using Theorem 4.1 and Proposition 4.4 one could easily write down explicit 
expressions for the twisted eta invariants fjg t h and the relative eta invariants 
Ve,h — Vo for 1 < £ < p — 1. These formulas are too complicated to write 
them down, because of the sums S h (l,p) appearing in the expression for rji^. 
However, in the untwisted case they get explicit and closed expressions (see 
Corollary 4.6). On the other hand, we are mainly interested in their values 
modulo Z (see Theorem (1.1)). 

Corollary 4.6. Let p be an odd prime. In the untwisted case, i.e. £ = 0, the eta 
invariants of an arbitrary r L p -manifold (M, Eh) have the following expressions. 

(i) If M is non-exceptional, i.e. (b,c) ^ (0,1), then 

fjo tl = I 2^ ( 2 (^)( E i i ) + (_i)(^)(^) (p _ i)) 

and r?o,h = for h ^ 1. 

(ii) If M is exceptional, i.e. (b,c) = (0,1), then 

i( 2 ¥ + (-l)(f)M)( p -l))-2j,¥^ a odd, p = 3(4), 



Vo,i 
and 



2p 



V0,2 



h{2^r + (_l)( £ | i )("- 1 )(p- l)) otherwise, 



(1 - (§)) 2 p^ ^ a odd, P ee 3(4), 

otherwise. 



Proof. The result follows directly by substituting the expressions obtained in 
Theorem 4.1, Proposition 4.4 and Remark 4.3 in (4.5), and considering the 
different cases involved. □ 

We are now in a position to prove Theorem 1.1, one of the main results in 
the paper. 

Proof of Theorem 1.1. We need study the integrality (or not) of fjih in (4.5), 
by looking at the parity of the numbers 77^ an d d£,o,fe- 

In the non-exceptional case, i.e. (b, c) / (0,1), by using Corollary 4.2 and 
Proposition 4.4 we have that 77^ = 0, and hence fjg t h = |^,o,/i £ 2 for any 
< I < p — 1. In particular, fji^ = for £ / 0. 

In the exceptional case, i.e. (b, c) = (0, 1), we have the following results. If 
(p, a) 7^ (3,1) then 

??o,i = ^(even + even) G Z, 770,2 = ^(even + 0) G Z, 

= \ (odd + odd) G Z, 77^2 = ^(even + 0) G Z, 

for £ 7^ 0. Thus, we have 77^ h = mod Z in this case. 
If (p,a) = (3,1) then 

%,l = |(| + 0) = -|, 77o )2 = |(|+0) = |, 

w,x = U-l + 1 ) = l % 2 = i(| + 0) = |, 
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and now we have rjg^ = | mod Z. 

The remaining assertion is now clear and the result follows. □ 

5. EQUIVARIANT SPIN BORDISM 

This section is devoted to the proof of Theorem 1.2. We first review the 
basic definitions and notions. Let p be an odd prime. Let M be a compact 
oriented smooth manifold of dimension n without boundary. An equivariant 
Zp-structure a on M is a principal Zp-bundle 

Z p ^ P ^ M. 

This structure can also be regarded as being either a representation of the 
fundamental group of each connected component of M to Z p , or as being the 
homotopy class of a smooth map from M to the classifying space BZ p . These are 
equivalent formulations and this explains the utility of the concept. The trivial 
Zp-structure oq is defined by taking the product principal bundle P = M x Z p 
or, equivalently, by taking the trivial representation of the fundamental group, 
or else, equivalently, by taking the constant map from M to BZ p . 

Let (Mi, Ej) be compact oriented spin manifolds of dimension n. Let M\ — Mi 
be the disjoint union of M\ and M2 where we give M2 the opposite orientation. 
One says that M\ and M2 are Spin-bordant if there exists a compact spin 
manifold N with boundary, so that the boundary of N is M\ — M2 and so 
that the spin structure on N restricts to induce the given spin structures on the 
manifolds Mj. Spin-bordism induces an equivalence relation; let \(M, e)] denote 
the associated equivalence class and let MSpin n be the collection of equivalence 
classes. Disjoint union and Cartesian product gives MSpin* the structure of a 
graded unital ring. We refer to [2, 3, 4, 37] for further details concerning these 
and related structures. 

Additionally suppose <jj are equivariant Z p -structures on the manifolds Mj. 
One says that (M\,a\,Ei) is Z p - equivariant Spin-bordant to (M2,02,E2) if in 
addition the bounding manifold N admits an equivariant Zp-structure which 
restricts to given structures on the manifolds Mj. Again, this is an equiva- 
lence relation and we let MSpin n (.BZp) denote the associated equivariant spin 
bordism groups. 

We wish to focus on the Zp-structure. Forgetting the Z p -structure defines 
the forgetful map from MSpin n (.BZp) to MSpin n which splits by the inclusion 
which associates to every spin manifold the trivial Zp-structure <To . The reduced 
equivariant bordism groups MSpin n (£>Zp) are the kernel of the forgetful map, 
that is [(M, a, e)] belongs to M Spin n (5Z p ) if and only if [(M, e)] = in MSpin n . 
These groups play much the same role in studying equivariant bordism as the 
reduced homology groups play in the study of homology - one has a natural 
isomorphism 

MSpin n (£Zp) = MSpin n (5Zp) © MSpin n . 

Cartesian product makes M Spin* (-BZ p ) into an MSpin^-module. We refer to 
Bahri et al. [9, 10, 12, 13] for details concerning the additive structure of these 
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and other related groups. The natural projection ir from MSpin n (BZ p ) to 
MSpin n (SZp) is the object of study in Theorem 1.2 and is defined by 

7t(M,£,ct) = [(M,e,a)] - [(M,e,<7 )] G MSpin n (BZ p ). 

The following result follows from Lemma 3.4.2, Lemma 3.4.3, and Theorem 3.44 
of [22]: 

Theorem 5.1. Let p be an odd prime. 

(i) If n is even, then MSpin n (5Z p ) = 0. 

(ii) If n is odd, then MSpin n (-BZ p ) is a finite group and all the torsion 
in MSpin n (5Z p ) is p-torsion. Furthermore, MSpin n (.BZ p ) is generated as a 
MSpin„, -module by the diagonal lens spaces S 2fc_1 /Z p for 2k — 1 < n. 

The characteristic numbers of MSpin„, are the Pontrjagin numbers, the Stiefel- 
Whitney numbers, and connective .fT-theory numbers. By contrast, the char- 
acteristic numbers of M Spin,,, are given by the twisted eta invariant defined 
previously and these lie in Q/Z and are torsion invariants. Let D be the Dirac 
operator and let r be a representation of the spin group. We let rjj be the eta 
invariant of the Dirac operator with coefficients in the bundle defined by the 
representation r and twisted by the character I. The following result follows 
from Lemma 3.4.2, Lemma 3.4.3, and Theorem 3.44 of [22] - see also the dis- 
cussion in Lemma 4.7.3 and Lemma 4.7.4 of [23]. It motivated our investigation 
of the eta invariant for flat Z p -manifolds in the first instance: 

Theorem 5.2. Let p be an odd prime. Let M be an oriented manifold of 
dimension n. Let e be a spin structure on M and let a be an equivariant Z p - 
structure on M. Let M := (M, e, a). 

(i) Let 1 < I < p — 1 and let r be a representation of the spin group. Then: 

(a) [ri[ — f\o)(M) takes values in Z[^]/Z. 

(b) Ifir(M) = in MSpin n (£Z p ), then (ffc - %){M) = in R/Z. 

(ii) If the twisted relative eta invariants (fjj — t}q)(M) vanish for all r and 
I, then tt(A4) vanishes in M Spin n (fiZj,). 

We can now prove one of the two main results in the paper. 

Proof of Theorem 1.2. Let (M, e) be a spin Z p -manifold. The canonical 
equivariant Z p -structure o~ p is defined by the cover 

Z p - T A - M, 

where T\ is the associated torus. The trivial equivariant Z p -structure o~q is 
defined by the cover Z p — > M x Z p — ► M. The associated principal Spin bundle 
is flat and defined by an equivariant Z2 P -structure on M which may or may 
not reduce to a Z p -structure. Let r be a representation of Spin(n) and let 

< t < p — 1 • Since the spin structure is flat and arises from a representation 
of Z2 P , the bundle defined by the representation r and twisted by the character 

1 is flat and is defined by some representation v of Z2 P . We may decompose 

Z 2p = Z 2 © Z p . 
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Let $ be the non-trivial character of Z2. We may then decompose the repre- 
sentation v = v\ ©z/2i? where S Rep(Z p ). Expand the representations v\ and 
V2 in terms of the characters pi in the form: 

v\= 22 ni P i and V2= ^ ™ iPi ■ 

0<i<p-l 0<i<p-l 

Here ni = ni(r,£) and = raj(r, are non- negative integers. Let e be the 
associated spin structure on M arising from the Z2 twisting 1). Let M = 
(M,e,a) and Ai = (M,e,a). The above discussion then yields: 

fe T - *fr)CM) = - ^o)(A4) + nifa - fj )(M)}. 

i=l 

Theorem 1.1 shows that (fjj — ffo)(M) vanishes in Q/Z. Theorem 1.2 now 
follows by Theorem 5.2 (ii) since r and ^ were arbitrary. □ 

Remark 5.3. Here we show how the reduced equivariant spin bordism groups 
come up in some questions in geometry. Let M be a connected spin manifold 
with finite fundamental group ir which admits a metric of positive scalar cur- 
vature. The formula of Lichnerowicz [27] shows that the kernel of the Dirac 
operator is necessarily trivial. From this it follows that the index of the spin 
operator vanishes and hence the generalized A-genus vanishes - the generalized 
A-genus is a topological invariant which can be computed purely combinatori- 
ally; it takes values either in Z or in Z2 depending upon the underlying dimen- 
sion of the manifold. Stolz [35] used the absolute spin bordism groups MSpin* 
to show that the generalized A-genus was the only obstruction to M admitting 
a metric of positive scalar curvature if the fundamental group it was trivial. If 
7T = Z p or, more generally, if it is a spherical space form group, then one can 
define an equivariant yl-genus and establish similar topological necessary and 
sufficient conditions for M to admit a metric of positive scalar curvature [15]. 
We refer to [24] for further details about this area; the reduced equivariant spin 
bordism groups MSpin n (SZ p ) and the associated eta invariants play a central 
role in the discussion. 



6. Appendix: additional computations 

Here we gather all the extra computations that were needed to obtain the 
results in Section 3. We compute some trigonometric products of special values 
used to determine the asymmetric contribution of the eigenvalues to the eta 
series, some twisted Gauss sums appearing in the eta series and several sums 
involving Legendre symbols appearing in the computation of the eta-invariants. 

We recall here that the Legendre symbol (-) is p-periodic and satisfies 

(6-1) (|) = (-1) E ^ 1 , (f) = (-l)^- 

6.1. Some trigonometric products. 
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Lemma 6.1. Let p = 2q + 1 be an odd prime and let k € N. Then we have 
j=i I o */ (fc,p) > l, 



(«) n^^f 1 ) 



(_l)(fc-i)( i V 2 )2^ i/ = 1, 



fc rq + l 



Proof. Formula (i) in Lemma 6.1 is proved in [30], Lemma 3.2. We check the 
second expression in the case (k,p) = 1. By (i) in the Lemma, we have 

q f[ sm(2fe) ( _ 1)(2fc _ 1)(E i_i) ^ 



i=i 2? n sin(if ) ("I) 



2" 



Canceling terms and using (6.1) the assertion in the proposition follows. □ 

6.2. Twisted character Gauss sums. Here we will compute the values of 
certain twisted character Gauss sums. 

We recall the character Gauss sum associated to the quadratic Dirichlet char- 
acter given by the Legendre symbol (-) modulo p for I 6 N, 

(6-2) G(l,p) = £(i) e p 

and the special values 

(6.3) G(l,p) = 6(p)y/p, G(l,p) = G(l,p) (j 

where we have put 

1 p = 1 (4), 



(6.4) S(p) :-- 



i p = 3 (4). 



Definition 6.2. Let p = 2q + 1 be an odd prime, I, c G N and /i = 1,2. For % 

a character mod p define the sums 

p-l Trifc (2«+<5 h 2 ) 

(6.5) G*(Z) := ^(-l) fc (^) e~ P ~ , 



fc=i 

2,ri ' fc ,7Tfc(2c+5. „)s 



(6.6) if ( Z,c) :=£(-l)^xWe- sin(^MZ). 



fe=l 



We are interested in these sums only for x = Xo> the trivial character mod p, 
and for % = (-), the quadratic character mod p given by the Legendre symbol. 
We will denote these characters by Xo an d Xpi respectively. 
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Thus, for example, G* P (Z) = G(l,p) is the standard character Gauss sum in 
(6.2) and G\ v {l,p) corresponds to the shifted alternating Gauss sum 



P- 1 (2l+l)wik 



(6.7) G^(0 = D- 1 )* (?) e 



v 



q-l 



G(1,p) V P 

(See [30], Theorem 5.1. Note: there G% p (l,p) was denoted by H(l,p). We note 
that a factor p is missing in that expression, although not in their proof.) 
We will also make use of the identity 

(6-8) ( £ ?) = (i)( 2 ? 2 ) = (i)( 2 ^)- 

6.2.1. Computation of the sums Gf$(l). We now find the values of G^(l) for 
X = Xo,Xp- These sums are modifications of sums of p th -roots of unity and of 
Gauss sums. 

Proposition 6.3. Let p be an odd prime and I 6 N. Then, 

Y \ P— 1 PUj y fp-1 p|2Z + l, 



Gf° (l) = < and Gi° (I) 

11 \ -1 pfZ, 2 W [ -1 pf2Z + l. 

In particular, G^° (I) 6 Z, /i = 1, 2. 

Proo/. Since G*° (I) is p-periodic we may assume that < Z < p — 1. 

By (6.5) we have G*°(Z) = Efc=ie~- Clearly, Gf (0) = p - 1 and if 
1 < Z < p - 1, then 1 + Gf (I) = Y%=o e ~ = °> and hence G i°( l ) = ~ l - 

Now, G£°(Z) = Efc=i(-i) e 5 » W ( 6 - 5 )- If p| 2Z + 1 then 2Z + 1 = pa 
with a odd. Thus, G%° (I) = J2 P k l\(-l) k (-l) k = p - 1. If p f 2/ + 1 then, 

(2i + l)7T^fc 

denoting by = e *■ and using geometric summation, we have 
1 + G*°(Z) = £(-1)^ = ^ = 0, 

fc=0 

since = —1 and a;; 7^ 1. Thus, G2 (Z) = —1 in this case. □ 
Proposition 6.4. Let p be an odd prime and I £ N. Then, 

G\ P (l) = 5{p) (I) Vp~ and G^(0 = *(p) (|) {^f) yfc 

where 5{p) is as defined in (6.4). In particular, Gf(Z) = 0ifp\l and Gf{l) = 
j/p|2Z + l. 

Proof. If h = 1, we have Gf (Z) = G(Z,p) = 5(p)(|)y^ by (6.5) and (6.3). If 
h = 2, by (6.7) and (6.8), we have 

Gf(l) = cfc) (^) = jfe(f )(^)Vp = s( p )(I)(^)Vp 

since 57^) (~^r) = <^(p)> an d the result follows. □ 
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6.2.2. Computation of the sums F£(l, c) . We now find the values of F?~(l, c) 
for x = Xo,X P - 



Proposition 6.5. Let p be an odd prime, I G No and c G N. If p\l then 
h 



F*°(l,c) = 0. Ifp\l, then 



y ±f, ifpllTc, v ±¥ i/p|2(Z^c)Tl, 

[ otherwise, [ otherwise. 

Proof. By (6.6), we have 

F^{l,c) = Y,z~ ir sin(^), 
fc=i 

P — 1 2-nikl 

^°a,c) = ^(-l) fc e^ S in(( 2 i^). 
fc=i 

If p| Z, then e p = 1 and hence we have F*°(l,c) = ImGj°(c) = and 
F x °(Z,c) = ImG x °(c) =0. 

Now, if p \ /, then using trigonometric identities 6.3 we have that the real 
and imaginary parts of F*° (I, c) are respectively given by 

gcos^sin^) = A£sin(^)- S in(^) 
fc=i fc=i 

= i{lmG Xo (/ + c)-ImG Xo (/-c)}, 



£sin(^)sin(^) = i£cos(^)-cos(^) 
fc=i fc=i 

= ±{ReG x °(Z-c) -ReG x °(/ + c)}. 

Thus, by Proposition 6.3 we get 

ReF?°(l,c) = 0, ImF Xo (Z,c)-^ ±2 



otherwise, 



Similarly, we have 

p-i 



ReF x °(Z,c) = £(-l) fe cos(^) sin (i 2 ^) 

■ (2(i+c)+l)7rfc ^ _ gin ^(2(L 

i{lmG Xo (/ + c) -ImG Xo (/-c - 1)}, 



fc=i 

i £(-!)* { sin (M±£i±lM) _ sin (MizEbUE*!) } 
fc=l 
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p-1 



ImF*°(l,c) = ^2(-l) k sin(^) sin 



' (2c+l)7rfc ' 

V 
fc=l 

p-1 

2' 



i ]T(-l) fc { cos ( ffi^M ) - cos (M±£!±IM)} 



fc=l 

= i{ReG^°(/-c- 1) -ReG^°(l + c)} 
and hence by Proposition 6.3 

(/,c)-0, ImF 2 (Z,c)-j Q otherwige _ 

We thus get the expressions in the statement. □ 
Proposition 6.6. Zei p be an odd prime and I, c £ N. Thus, we have 

' <*(p)(( l r)-( i ?)) 3 ? fc=i. 

where 5(p) is defined in (6.4). 
In particular, if p\l then 



F?(l,c) 



p = 1 (4), 

'p P = 3(4), 



x JO p = 1 (4), 

F2P(/ ' C) = 1 (l)mv^ P = 3(4). 



Proof. By (6.6), we have 



P — 1 2-nikl 

F^(l,c) = ^(|) e ^sin(^ 
fe=l 

2-nikl 



F^(l,c) = £(-l) fc (J) sin(^M). 
fe=i 



If /i = 1, using trigonometric identities, the real and imaginary parts of 
F* p (l,c) are respectively given by 

E(|)cos(^)sin(^) = |E(|){sin(^)- sin (^ )} 

k=l k=l 

= \{hsxGf {l + c)-hnGf (l-c)}, 

k=l k=l 

= |{ReGf (Z-c)-ReGf (I + c)} 
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Thus, by Proposition 6.4 we get 

r o P = i (4), 

1^,0 = 1 ((f) " SI < 4 >- 

I ps3 (4), 



and hence 



(6-9) F x»(l,c)=i6(p)((!f)-(!^)) 



l-c\\ y/P 



Similarly, for h = 2, we have 



BeF*>(l,c) = g(-l)^(|)cos(^)sin(^M) 
fc=i 

= I E(~l) fc (|) { ^ ( W+y 1 )** ) - sin } 
fe=i 

= KlmGf (Z + c) -ImGf (l-c- 1)} 
Im^(l,c) = (J) sin sin (fi^) 

k=l 

= \ E(~l) fc (|){ COB ( (2 "- C - p 1)+1 ^ ) ~ COS C 2 ^ )} 
fe=l 

= i{ReG^(/-c- 1) -ReG^(/ + c)} 
Again, by Proposition 6.4 we get 

x f° P=l(4), 

ReF 2 (Z, C ) = | (|)((^)_(^))f ps3(4)j 



ImF 2 Xp (I,c) 
and hence 



P = 3(4), 



(6.10) if* (Z, c) = i<J(p)(2) / ^«d^ - r 20+0)+!^^ 



p / I \ p ! \ p Ij2' 

By (6.9) and (6.10) we get the first formula in the statement. The remaining 
assertion is easy to check, and the proposition follows. □ 

6.3. Sums involving Legendre symbols. Here we compute some sums in- 
volving Legendre symbols that were used in the body of the paper. We will use 
the fact that Y^j=i (|) = f° r an Y prime p. 
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Lemma 6.7. Let p be an odd prime and £ G N with < I < p — 1. Then, 

(6-11) = "(?), ^Z, 

i=i 

(6.12) £ (2^1) = o. 

i=o 

Proof. First, note that 

E(?) = E(|) = -(|), 

3=1 3=1 

and hence also, 

E (¥) = E (^) = (f ) E (^) = -(f) (^) = -(§)• 

Since p is prime, for any k G N coprime with p, the sets {1, 2, . . . ,p — 1} 
and {k, 2k, . . . , {p — l)k} coincide modulo p and thus, by p-periodicity of the 
Legendre symbol, we have 

E C-f 1 ) = E = (I) E C-f) = -(§) (§)■ 

j=l j=l j=l 

On the other hand, if p \ k, both sides of (6.11) vanish, and the first equation 
in the statement is proved. 

For the second equation, splitting the sum X^=i (^1T^) sums over even 
and odd indices, we get 

p— 1 2p—l p— 1 p— 1 p— 1 

Et^P 1 ) = E(^)-E(^) = E(^)-(I)E( £ T)' 

j=0 j=l j=l j=0 j=0 

and by (6.11) we get (6.12). □ 



(0 



(ti) 



p = 2(7 + 1 6e a 


prime 


and l£N iy^/i < £ < p - 1. 


E(^)i = 

3=1 


e-i 

pE I 

3=1 


P-i . 

,p) + E (p)i' 

3=1 


E(^)i = 

3=1 


(f)( 


p E (J) + £(*)i), 

' 3=1 y j=l F ' 


zmj = 


2£- 

P 


if] . p-i . 

E (J) + E (J) j 

3=1 3=1 


E(^)i = 

3=1 


(f) 


P +[f]p-2£-l p _! 

(p E (J) + E 

V 3=1 3=1 
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Proof. If £ = 0, then by the class number formula (4.3) there is nothing to 
prove. So, we assume that £ ^ 0. We want to compute the sums (~jT~)j 
for h = 1, 2. Let us first consider the case h = 1. By Lemma 6.7 we have 

(6-i3) E = E (^) (/ + j) - /f (^) = E (¥) (< + i) + <® • 

i=i 3=1 i=i 3=1 

Now, since 1 < j < p — 1, < j < p — 1, we have 2<j + ^<2p — 2 and 
hence j + £ can be uniquely written as 



(6.14) j+£ = pqj + Tj, < Tj < p - 1, qj = j 
Then, from (6.13), and using (6.14), we have that 



ifj<p-£, 

1 if j > P - £■ 



E(^); = P E(?h + E (?)(p+ri)+/(|) 

3=1 3=1 j=p-£ 

= E(?h+/E (£)+<(!)• 

3=1 3=P-^ 

Thus, using that 

(r ,ri,.. . ,r p _£_i,r p _ £ ,r p _ m ,. . . ,r p _i) = (i, £ + 1, . . . ,p - 1, 0, 1, . . . , £ - 1). 
we get 

(6-i5) E = E +pE © +'(£) =p E (I) + £ (J)* 

3=1 3=1 3=1 3=1 3=1 

By the previous expression we also have 

E = (f ) £ = (f ) O'e ( j) + E &] 

3=1 3=1 3=1 3=1 

Now, consider h = 2. li 1 < I < q then 2 < 2£ < p — 1 and we can use 
(6.15) directly with 2£ in place of £. In the other case, ifg + 1 < £ < p — 1 then 
1 < 2£ — p < p — 2 and, by (6.15), we have 

p-l p-l p-l 

E(^ = E(^)^ E ®+E®;- 

3=1 3=1 3=1 3=1 

In the remaining case, proceeding as before and using (6.3), one gets the desired 
result in the statement, and thus the proposition follows. □ 

Lemma 6.9. Let p be an odd prime and £ € N with < £ < p — 1. Then, 

E(«)^E(?)j-(K(?)> 

3=0 3=1 3=1 
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Proof. We first note that 

p-i 



3=0 



g(^±H)( 2i + i) 

j=0 

2p-l p-1 

= E(^'-E(^ 

3=1 j=i 

p— 1 2p— 1 p— 1 

3=1 3=p 3=1 

where in the first equality we have used (6.12). The second sum in the r.h.s. of 
the above expression equals 

E (^) (p + *) = pE m +E(^ = E 

h=0 ft=0 fc=0 i=l 

Substituting this expression in the first one we get the desired result. 
We want to compute the sums 

sup) -E ((¥)-(¥)>> 



□ 



(6.16) 



3=1 
p-i 



S 2 (*,p) :=]T 



2£-(2j+l) ^ _ ^ 2l+(2j+l) 



3=0 



for < £ < p — 1. We are now in a position to prove the results that were used 
in Section 3. 

Proposition 6.10. Let p be an odd prime and IsN with < £ < p— 1. Then, 
in the notations in (4.1) w;e ftawe 

' pSt(£,p) P = l(4), 

-pS+(£,p)-2£(i)j p = 3(4), 



5i(^,p) = { 



3=1 



and 



V = 1 (4), 



p) - + 2((|) - 1) £ (*) j P = 3 (4) 

3=1 



where Sh(£,p) and S h (£,p) are defined in (6.16) and (4.1) respectively. 
Proof. By Lemma 6.8 (i), we have 

si(t, P ) = (^)(p P e\p + E(^)-(pE® + E(^ 

3=1 3=1 3=1 3=1 

By using (6.1) and (4.1) we get the first expression in the statement. 
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On the other hand, by Lemma 6.9 we have that 

WW = (E\^-(f)£\¥)^-(E(^-(|)E(^) 
= E((^)-m);-(f)E ((¥)-(¥)>'• 

3=1 3=1 

By using Lemma 6.8 (ii) we see that S2(i,p) equals 

E (|)+E(|)i) 
-( E ®+£(J)j)-(J)w>p)> 

j=i i=i 

and now applying (4.3) and using (4.1) we get the desired result, and hence the 
proposition follows. □ 
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